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DOMAIN OF DIFFERENCE MATRIX OF ORDER ONE IN SOME SPACES OF 

DOUBLE SEQUENCES 

SERKAN DEMiRiZ AND OSMAN DUYAR 

Abstract. In this study, we define the spaces Mu(A),Cp(A),Cop(A),Cr(A) and Cg(A) of double 
sequences whose difference transforms are bounded , convergent in the Pringsheim’s sense, null in 
the Pringsheim’s sense, both convergent in the Pringsheim’s sense and bounded, regularly convergent 
and absolutely g—summable, respectively, and also examine some inclusion relations related to those 
sequence spaces. Purthermore, we show that these sequence spaces are Banach spaces . We determine 
the alpha-dual of the space Afu(A) and the dual of the space Cp(A) of double sequences, where 

v,ri £ {p,bp,r}. Einally, we characterize the classes (/i : C„(A)) for v € {p,bp,r} of four dimensional 
matrix transformations, where p is any given space of double sequences. 


1. Introduction 

By w and fl, we denote the sets of all real valued single and double sequences which are the 
vector spaces with coordinatewise addition and scalar multiplication. Any vector subspaces of u and 
n are called as the single sequence space and double sequence space, respectively. By Mu, we denote 
the space of all bounded double sequences, that is 

Miu •— — id^ran) ^ • ||^||oo — SUp ^ / 

L m,nGN J 

which is a Banach space with the norm ||x||oo; where N denotes the set of all positive integers. Consider a 
sequence x = (xmn) € fl. If for every e > 0 there exists uq = no(e) G N and I € M such that —/| < e 

for all m,n > no then we call that the double sequence x is convergent in the Pringsheim’s sense to 
the limit I and write p — lim Xmn = h where M denotes the real field. By Cp, we denote the space of all 
convergent double sequences in the Pringsheim’s sense. It is well-known that there are such sequences 
in the space Cp but not in the space Mu- Indeed following Boos |T], if we define the sequence x = {xmn) 
by 


_ { n , m = l,nGN, 

\ 0 , m > 2,n G N, 

then it is trivial that x G Cp\Mu, since p — limxmn = 0 but ||x||oo = oo. So, we can consider the space 
Chp of the double sequences which are both convergent in the Pringsheim’s sense and bounded, i.e., 
Chp = CpOMu- A sequence in the space Cp is said to be regularly convergent if it is a single convergent 
sequence with respect to each index and denote the set of all such sequences by Cr- Also by Chpo and 
Cro, we denote the spaces of all double sequences converging to 0 contained in the sequence spaces 
Cbp and Cr, respectively. Moricz [2] proved that Chp,Chpo,Cr and Cro are Banach spaces with the norm 
II • Iloo • 

Let us consider the isomorphism T defined by Zeltser |3] as 

(1.1) T : Cl ^ oj 

x^ z= (zi) := (x^-i(i)), 

where (^:NxN—>'Nisa bijection defined by 
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¥^[(1,1)] = 1, 

ip[{l,2)] = 2,ip[i2,2)]=3,<f[{2,l)]=A, 


- 1)^ + l,<^[(2,n)] = (n - 1)^ + 2,..., 
ip[{n,n)] = +n,ip[{n,n-l)] =n^-n + 2,...,ip[{n,l)] =n'^, 


Let us consider a double sequence x = {xmn) and define the sequence s = {smn) which will be 
used throughout via x by 


( 1 . 2 ) 


^m.n • — 


m n 

i=0 j=0 


for all m, n € N . For the sake of brevity, here and in what follows, we abbreviate the summation 

abbreviation with other letters. Let A be a space of a double 
sequences, converging with respect to some linear convergence rule v — lim : A ^ M. The sum of a 
double series Yli j ^ij with respect to this rule is defined by u — Y2- ■ Xij = v — limm,n->-oo Smn- Let A, /r 
be two spaces of double sequences, converging with respect to the linear convergence rules ui — lim 
and V 2 — lim, respectively, and A = (amnkl) also be a four dimensional inhnite matrix over the real or 
complex field. 

The a—dual A", f3{v) — dual with respect to the u—convergence for v G {p,bp,'k'} and the 
j—dual X"^ of a double sequence space A are respectively defined by 


A“ := 
X^iA ; = 

A^ := 


< (ojj) G n : \aijXij\ < oo for all (xjj) G A >, 

|(aij) G n : u — ^^CLijXij exists for all (xij) G a|. 


{aij) G n : sup 

fc,«gN 


k,l 

E 




< oo for all (xij) G A 


It is easy to see for any two spaces A, /r of double sequences that C A" whenever A C /i and A" C A"^. 
Additionally, it is known that the inclusion A“ C holds while the inclusion C A'^ does not 

hold, since the u—convergence of the sequence of partial sums of a double series does not imply its 
boundedness. 

The v—summability domain A^^ of a four dimensional infinite matrix A = {amnkl) ia a space A 
of a double sequences is defined by 

(1.3) A^^ = < X = (xki) : Ax = b-E amnklXki ) exists and is in A 

I ^ k I m,nEN 


We say, with the notataion (II.3p , that A maps the space A into the space p if and only if Ax exists and 
is in p for all x G A and denote the set of all four dimensional matrices, transforming the space A into 
the space p, by {X : p). It is trivial that for any matrix A G (A : p), (amnkl)k,leN is in the /3(u)—dual 
X^iA of the space A for all m, n G N. An infinite matrix A is said to be C^ — conservative if Cy C (Cy)A- 
Also by (A : p;p), we denote the class of all four dimensional matrices A = (amnkl) in the class (A : p) 
such that V 2 — lim Ax = vi — limx for all x G A. 
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Now, following Zeltser H] we note the terminology for double sequence spaces. A locally convex 
double sequence space A is called a DK—space, if all of the seminorms : A —>■ M, x = (x^i) e->■ \xki \ for 
all /c, / € N are continuous. A DAT—space with a Frechet topology is called an FDK—space. A normed 
FDK—space is called a BDK—space. We record that Cr endowed with the norm ||.||oo : —>■ M, 

X = (xki) !->■ supfc jgjsj \xki\ is a BDK—space. 

Let us define the following sets of double sequences: 


Muit) 

Cp(t) 

Cop{t) 

^u{t) 

Cbpit) 


(^mn) ^ ^ ■ sup C>0 ^, 

m,n£N 


(Xmn) G n : 3/ G C 9 P - lim \Xmn - = 0 o 

m.n—^oo ' 


(.Xmn) G n . p lim I Xmn I ® I ’ 

m,n —>-00 


(xmn) G n. 'y ^ 


m,n 


Cp{t) n Muit) and Cobp(t) := Cop(t) n Muit)] 


where t = (tmn) is the sequence of strictly positive reals tmn for all m, n G N. In the case tmn = 1 
for all m,n G N; Muit), Cpit), C^pit), Cuit), Cbpit) and Cobpit) reduce to the sets Mu,Cp,Cop, Cu,Cbp 
and Cobp, respectively. Now, we can summarize the knowledge given in some document related to the 
double sequence spaces. Gokhan and Qolak 13 El have proved that Muit),Cpit) and Cbpit) are complete 
paranormed spaces of double sequences and gave the alpha-, beta-, gamma-duals of the spaces Muit) 
and Cbpit). Quite recently, in her PhD thesis, Zeltser [3] has essentially studied both the theory of 
topological double sequence spaces and the theory of summability of double sequences. Mursaleen 
and Edely [7] have introduced the statistical convergence and statistical Cauchy for double sequences, 
and gave the relation between statistically convergent and strongly Cesaro summable double sequences. 
Nextly, Mursaleen [8] and Mursaleen and Edely [3 have defined the almost strong regularity of matrices 
for double sequences and applied these matrices to establish a core theorem and introduced the M—core 
for double sequences and determined those four dimensional matrices transforming every bounded 
double sequence x = (xjk) into one whose core is a subset of the M—core of x. More recently, Altay 
and Ba§ar |10| have defined the spaces BS,BSit),CSbp,CSr and BV of double series whose sequence 
of partial sums are in the spaces Mu, Muit),Cp,Cbp,Cr and Cu, respectively, and also examined some 
properties of those sequence spaces and determined the alpha-duals of the spaces BS,BV,CSbp and 
the /3(u)— duals of the spaces CS^p and CSr of double series. Quite recently, Ba§ar and Sever |11| 
have introduced the Banach space Cq of double sequences corresponding to the well-known space ^q of 
absolutely g—summable single sequences and examine some properties of the space Cq. Furthermore, 
they determine the /3(x)—dual of the space and establish that the alpha- and gamma-duals of the space 
Cq coincide with the /3(u)—dual; where 

Cq := < (xjj) G D : ^ Ixjjl''< oo L (1 < g < oo), 

CSu •— \.ixij) G D . (Smn) G 

Here and after we assume that v G {p,bp,r}. 

The double difference matrix A = (bmnkl) of order one is defined by 


<5 


mnkl • 


(- 1 ) 




0 


m — 1 < k < m, n — 1 < I < n, 
otherwise 


for all m, n,k,l G N. Define the sequence y = (ymn) as the A—transform of a sequence x = (xmn), he., 


(1.4) 


Vmn — (Ax)mn — Xmn Xm,n—1 Xm—l,n T Xm—l,n—l 


for all m, n G N. Additionally, a direct calculation gives the inverse A ^ = S' 
A as follows: 


(smnkl) of the matrix 
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Smnkl ■ — 


( 1 , 0 < k < m, 0 < I < n, 

1 0 , otherwise 

for all m, n,k,l € N. 

In the present paper, we introduce the new double difference sequence spaces Mu{^),Cp{A),Cop{A) 
and Cq{A), that is, 


Mu{A) 

*— {(^mn) 

e n : sup \ymn\ < 00}, 
m,neN 


Cp(A) 

.— 

GfliBZeCBp— lim \yran ~ ^| = 0 | 

m,n—voo ^ 

CopiA) 

■ — {(^mn) 

Gflip- lim \ymn\ = 

m,n—vcxD 


A(A) 

* — 1 ^ ^ ^ ^ / , 

^ m.n ^ 

(1 < g < 00). 


By Cbp{A) and Cr{A), we denote the sets of all the A—transforms convergent and bounded, and the 
A—transforms regularly convergent double sequences. One can easily see that the spaces Mu(A),Cp{A), 
Cop(A),Cfcp(A),Cr(A) and Cq{A) are the domain of the double difference matrix A in the spaces 
M.u,Cp,CQp,Cbp, Cr and Cq, respectively. 

2. Some new double difference sequence spaces 

In the present section, we deal with the sets M.u{A), Cp{A), Cop{A),Cbp{A),Cr{A) and Cq{A) 
consisting of the double sequences whose A—transforms of order one are in the spaces Cp, Cop, 

Cr and Cq, respectively. 

Theorem 2.1. The sets Aiu[A),Cp{A), Cop(A),Cftp(A),Cr(A) and Cq{A) are the linear spaces with 
the coordinatewise addition and scalar multiplication, and M.u{A),Cp{A), Cop(A),Cfep(A),Cr(A) and 
Cq{A) are the Banach spaces with the norms 

(2.1) ||x|| A^u(A) — sup |xmn T ^m—l,n—l ^7n,n—l l,n|? 

m,n€N 


( 2 . 2 ) 


fIIaia) - 




1/q 


, (1 < g < oo). 


Proof. The first part of the theorem is a routine verification. So, we omit the detail. 

Since the proof may be given for the spaces Alu(A), Cp(A), Cop(A), Cbp(A) and Cr{A), to avoid 
the repetition of the similar statements, we prove the theorem only for the space Cq{A). 

It is obvious that = \\y\\q, where ||.||g is the norm on the space Cq. Let be 

a Cauchy sequence in Cq{A). Then, is a Cauchy sequence in Cq, where = {ymh}mn=o 

with 

,,(r-) ^ (r) , (r) _ (r) _ (r) 

i/mn •^mn ‘ l,n 

for all m,n,r € N. Then, for a given e > 0, there is a positive integer N = N{e) such that 

'I 1/9 

i [ 


(2.3) 


for all r,s > N. Therefore \ymh — ymn\ < i-e. {j/mnlreN is a Cauchy sequence in C, and hence 
converges in C. Say, 

(2.4) lim ylfl = ymn- 

r—>-co 

Using these infinitely many limits, we define the sequence y = {ymn)mn=o- Thsii, we get by (|2.4I) that 

'I 1/9 


y II 9 ~ 




El 

m,n 


y{r) _ y{s) 19 

ymn ymn 


(r) 


/ 


< e 


(2-5) lim ||yM (A) 

r—>-oo ^ ^ ^ r—^00 


lim < 

’—Von / ^ 


I (r) \Q 

Umn Vmn 


m^n 


I 


= 0. 
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Now, we have to show that y G Cg. Since = {ymh}mn=o ^ (I23D 

'I 1/9 f 'I 1/9 ( 'I 1/9 

Eli'-""!'' +]El!'™il'' <“>• 

which shows that y = {ymn)m n=o ^ ^ 9 ) i-®- ^ — i^jk) € ^g(^)- Since {x^^^jreN was arbitrary Cauchy 
sequence in Cq{A), the double difference sequence space Cq{A) is complete. This completes the proof 
of the theorem. □ 

Theorem 2.2. The space A(A) is linearly isomorphic to the space X, where A denotes any of the spaces 
•Adti,Cp,Cop,Cfop,C 7 . and (Lq. 

Proof. We show here that Mu(A) is linearly isomorphic to A4u- Consider the transformation T from 
MuiA) to Mu defined by x = (xjk) y = (ymn)- Then, clearly T is linear and injective. Now, define 
the sequence x = {xjk) by 

j k 

(2.6) Xjk = EE Umn 

m=0 n=0 

for all j. A; G N. Suppose that y G Mu- Then, since 

j k 


\x\\muA) = 


2 ^™"’ 

m=0 n=0 


= sup \yjk\ = ||y||oo < 00 , 

j,fcGN 

X = {xjk) defined by (|2.6I) is in the space M.u{A). Hence, T is surjective and norm preserving. This 
completes the proof of the theorem. □ 

Now, we give some inclusion relations between the double difference sequence spaces. 

Theorem 2.3. Mu is the subspace of the space Mu{A). 

Proof. Let us take x = (xmn) G Mu- Then, there exists an K such that 


sup \Xmn\ < K 
m,neN 


for all m, n G N, one can observe that 


|(^^)mn| — ^m,n—1 l,n “1“ l,n—1| 

(2.7) 

^ l^mn I +1 1 I +1 I +1 ^772—1,71—1 I • 

Then, we see by taking supremum over m,n G N in (12.7p that ||x||oo < 4iL, i.e., x G Mu{A). 

Now, we see that the inclusion is strict. Let x = {xmn) be defined by 

Xmn = mn 

for all m, n G N. Then the sequence is in x G Mu{A)\Mu- This completes the proof of the theorem. 

□ 

Lemma 2.4. |10l Theorem 1.2] Cu C BS C Mu strictly hold. 

Lemma 2.5. |10[ Theorem 2.9] Let v G {p, bp, r}. Then, the inclusion BV C Cy and BV C Mu strictly 
hold. 

Combining Lemma l2.4[ Lemma [2.51 and Theorem 12.31 we get the following corollaries. 
Corollary 2.6. The inclusion Cu C BS C Mu{A) strictly hold. 

Corollary 2.7. The inclusion BV C Mu(A) strictly holds. 

Theorem 2.8. The inclusion Cq C Cq{A) strictly holds; where 1 < q < oo. 


5 




Proof. The prove the validity of the inclusion Cq C ^g(A) for 1 < q < oo, it suffices to show the 
existence of a number K > 0 such that 


lkllz:,(A) < K\\x\\c, 

for every x ^ Cq. Let x ^ Cq and 1 < q < oo. Then, we obtain 

ll^ll/^g(A) — \ ^ ^ l^mn ^m,n—l l,n T r 

^ m,n 

< 4||x||£^. 

This shows that the inclusion Cq C Cq{A) holds. 

Additionally, since the sequence x = {xmn) defined by 


i/q 


f 1 , n = 0 

1 0 , otherwise 


for all m, n G N is in Cq{A) but not in Cq, as asserted. This completes the proof. □ 

Theorem 2.9. The following statements hold: 

(i) Cp is the subspace of the space Cp{A). 

(a) Cqp is the subspace of the space Cop(A). 

(in) Chp is the subspace of the space Chp{A). 

(iv) Cr is the subspace of the space Cr{A). 


Proof. We only prove that the inclusion Cp C Cp{A) holds. Let us take x G Cp. Then, for a given e > 0, 
there exists an nx{£) G N such that 


^mn 



for all m,n> nx{s). Then, 

I ( Ax)mn I 


— I^Jmn Xni—l,n T 

^ \Xmn ^1 T \Xm,n—l ^1 T \Xm—l,n ^1 T l^^m—l,n—1 

e e e e 

< — — — £ 

4 4 4 4 


for sufficiently large m, n which means that p — lim(Ax)mn = 0. Hence, x G Cp{A) that is to say that 
Cp C Cp{A) holds, as expected. 

Now, we see that the inclusion is strict. Let x = (xmn) be defined by 


Xmn = (m + l)(n + 1) 


for all m, n G N. ft is easy to see that 


p - lim(Ax)mn = 1- 


But 

lim (m + l)(n + 1) 

m,n^oo 

which does not tend to a finite limit. Hence x ^ Cp. This completes the proof. 
Lemma 2.10. [IDl Theorem 2.3] CSp is the subspace ofCp. 

Combining Lemma 12.101 and Theorem 12.91 we get the following corollary. 
Corollary 2.11. The inclusion CSp C Cp{A) strictly holds. 


□ 


6 




3. The alpha- and beta-duals of the new spaces of double sequences 

In this section, we determine the alpha-dual of the space A^u(A) and the /3(r)—dual of the 
space Cr(A), and /3(??)—dual of the space C^(A) of double sequences, d, r/ € {p,bp,r}. Although the 
alpha-dual of a space of double sequences is unique, its beta-dual may be more than one with respect 
to "d—convergence. 

Theorem 3.1. {Aln(A)}" = Cu- 

Proof. Let x = {x^i) G M.u{^) and z = {zki) € Cu- Hence, there is a sequence y = {yij) G M.u related 
with X = (xki) from Theorem 12.21 and there is a positive real number K such that \yij\ < for 

all i,j G N. So we use the relation (12.61) we have that, 


^ \ZklXkl\ 
k,l 


E 

k,l 


k I 

Zkl EE yij\ \zki\ < oo 

i=0 j=0 k,l 


SO z € {Adu(A)}", that is 


(3.1) Cu C {Ad„(A)r. 

Conversely, suppose that z = (zki) G {Aln(A)}“, that is \zkiXki\ < oo for all x 
Adu(A). If z = (zki) ^ Cu, then ^ \zki\ = oo. Further, if we choose y = {yki) such that 


{xki) £ 


1 


Uki {k + 1){1 -|- 1) 


0 


for all /c, / G N. Then, y G Mu but 


f) <i <k, 0 < j < I 

otherwise 


^ \ZklXkl\ 
k,l 


E 

k,l 


Zkl 


EE 


1 


(k -|- 1)(Z -|- 1) 


k,l 


= OO. 


i=0 j=0 

Hence, 2 ^ {Aln(A)}“,this is a contradiction. So, we have the following inclusion. 


(3.2) 


{Mu{C.)r C L 


Hence, from the inclusions m and (|3.2I) we get 

{MuiA)r = Cu. 

□ 

Now, we may give the /3—duals of the spaces with respect to the d—convergence using the 
technique in |12) and [13| for the single sequences. 

The conditions for a 4-dimensional matrix to transform the spaces Cbp,Cr and Cp into the space 
Cbp are well known (see for example |141 115|L 

Lemma 3.2. The matrix A = {amnij) is in {Cr ■ C^j) if and only if the following conditions hold: 

(3.3) sup \amnij\ < oo, 

m,ngN ^ j 

(3.4) 3 u G C 9 d — lim amnii = v, 

hj 

(3.5) 3 iaij) € Q 3 d — lim amnH = ciij for all i,j G N, 

m,n—^oo 

(3.6) 3 & C 3 d — lim amnijn = for fixed L G N, 

m,n—)-oo 

i 

(3.7) 3 UjQ G C 9 - lim y^ amnioj = Vi^ for fixed io G N. 

m,n —>-00 ^ 

j 
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Lemma 3.3. The matrix A = (amnij) is in (Chp : C^} if and only if the conditions of 

Lemma \3.3\ hold, and 


(3.8) 

(3.9) 


d- lim \amnijo “ ^^ijo \ = 0 for each fixed jg € N, 

m..n^oc ^ 


d — lim > 




— aigj I = 0 for each fixed io G N. 


Lemma 3.4. The matrix A = (amnij) is in (Cp : C^) if and only if the conditions ([23)-(E3) of Lemma 
3.S\ hold, and 


(3.10) Vi€N3JGN9 amnij = 0 for j > J for all m,n^ N, 

(3.11) VjGNB/gNB Omnij = 0 for i > I for all m,n G N. 

Theorem 3.5. Define the sets 


Fi = 


I a = (ttij) G Ll : ^^(z + l)(j + l)\aij\ < cx) L 

^ m m n 

F2 = s a = (aij) € Ll : r — lim / / / Opg exists for each fixed Jq x 

I m,n^oo ^ ^ ^ I 

i p=i q=jQ 

^ m m n 

F3 = "i ® = (“i?) G n : r — lim / / / Opo exists for each fixed zg 


J p=lO q=3 


Then, {Cp(A)}^W = Fi n F2 n F3. 

Proof. Let x = (xij) G Cp(A). Then, there exists a sequence y = (ymn) G Cr- Consider the following 
equality 


EE' 

2 = 0 j=0 


m n / I J 

^ ^ ^ ^ 

2=0 j =0 ^ p =0 g =0 


Hj 


m n / m n 


i=0 j=0 ^ p=i q=j 


EE bmnijUij — (Fy) 

i=0 j=0 




for all m, n G N. Hence we can define the four-dimensional matrix B = (bmnij) as following 


r m n 


(3.12) 


^mnij •— ^ 


'^'^apq ) 0 < z < m, 0 <j <n, 


p=i q=j 


0 , otherwise. 


Thus we see that ax = (amnXmn) € CSr whenever x = (xmn) G Cr(A.) if and only if 2; = (zmn) G 
Cr whenever y = (ymn) G C-r- This means that a = (amn) G {Cr(A)}l^^'’^ if and only if i? G (Cr ■ Cr). 
Therefore, we consider the following equality and equation 


m n / m n 


sup 


\bmnij I < sup 




m,n£N ■ n ■ r\ \ 

1=0 j=0 '• p=i q=j 
m n / i j 


-p EE EE 

m,nm .^Q ^.^g V p^g 


^pq\ 




m n 

= sup,y]y^(*+i)o+i)k 


(3.13) 





r — 


lim h 

n.—^ 


m n / I J 


m,n—>-oo 


mmj 


= r — 


‘"“EE EE 




m,ri—>-oo 


^pq 


i=0 j=0 ^ p=0 q=0 


* J 


^pq 


pi-i) = E(EE 

* J ^ P=0 9=0 

Then, we derive from the condition (I3.3H - (|3.5H that 

(3.15) + l)(j + l)|aij| < cx). 

id 

Further, from Lemma conditions (13.6p and (123), 

m 

(3.16) r- lim '^bmnijq=r- lim 

m,n—yoo m,n—>-oo 

exists for each fixed jo G N and 

(3.17) 


m m n 


^pq 


I p=i q=jQ 


m m n 


r - lim Y^ bmnioi = r - lim Y^ Y^ Y^ 


m,n—>-oo ' 


'pq 


3 ^ P=^0 q=J 

exists for each fixed zq € N. This show that {Cr(A)}^(^) = Ti nT2 DFo which completes the proof. □ 

Now, we may give our theorem exhibiting the /3(z?)-dual of the series space Cr^{A) in the case 
ri,'& £ {p,bp,r}, without proof. 

Theorem 3.6. {C^(A)}(^(’^) = {a = (omn) £ ^ '■ B = {bmnij) G {Cjj : where B = {bmnij) is defined 

by mw- 

4. Characterization of some classes of four dimensional matrices 

In the present section, we characterize the matrix transformations from the space Cr(A) to the 
double sequence space . Although the theorem characterizing the class (p, : C^(A)) are stated and 
proved, the necessary and sufficient conditions on a four dimensional matrix belonging to the classes 
{Cr ■ Cr(A)) and (Chp : Chp{A)) also given without proof. 

Theorem 4.1. A = (amnkl) € (C,.(A) : C^) if and only if the following conditions hold: 


(4.1) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 


sup 

m,n 


E EE' 

k,l p=k q=l 


'^mnpq 


< CXD, 


s s t 

d - ^ lim^ OLynnpq “ exists for fixed jo, 


*=0 p=i p=jo 
t s t 


d — lim dmnpq — Gxists for fixed zq, 

j=o p=iQ p=j 
OO OO 

d - lim Y^ Y^ amnpq = a-kl for all k,l £N, 

m,n ^ 

p=k q=l 

OO OO 

3u^° £ C 3 d — lim EEE amnpq = u’'° for fixed Iq £ N, 


k p=k q=lo 
OO OO 




I p=ko q=l 


3v£C 9 zl-limY" V V, 

m.r). / ^ ^ ^ 


k,l p=k q=l 
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Proof. Let us take any x = (xmn) € Cr{A) and define the sequence y = {yki) by 


Vkl — Xki Xfi—i^i Xk^i—i + (A), I G N). 


Then, y = (yki) G Cr by Theorem 12.21 Now, for the (s,t)th rectangular partial sum of the series 
Yjj,k0^rnnjkXjk, we derive that 


(4.8) 


s t 

(Axt$ = EE ^mnjkXjk 

j=0 fc=0 

s t , j k X 

= EE EE Vpq ] ^mnjk 

j=0 k=0 p=0 q=0 ^ 

s t / s t \ 

= EE EE ^mnpq ] Vj k 

j=0 k=0 ^ p=j q=k 


for all m,n,s,t G N. Define the matrix Bmn = 


(4.9) 


•= 

mnj k ‘ ' 


/' s t 

EE' 

p=j q=k 


'^mnpq 


0 < j < s, 0 < k < t, 
otherwise. 


Then, the equality (14.8p may be rewritten as 

( 4 . 10 ) {Ax)\y^.} = {Bmny)[s,t\- 


Then, the convergence of the rectangular partial sums {Ax)'^mn in the regular sense for all m, n G N 
and for all x G Cr{/S.) is equivalent of saying that B^n € {Cr ■ C^). Hence, the following conditions 


(4.11) 

^ ^(A^ T 1)(^ T l)|0'mnfcH 

k,l 

s s t 

(4.12) 

d — lim CLmnpq — exists for fixed jo, 

i=0 p=i p=jo 

t s t 

(4.13) 

'd — lim CLmnpq ~ exists for fixed iq 

j=0 p=io p=j 

must be satisfied for 

every fixed m, n G N. In this case, 

oo oo 

^ ^ CLmnpq, 

p=j q=k 

d - {Ax)]^^ = r - lim.{Bmny) 
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hold. Thus, we derive from the two-sided implication "Ax is in Cr whenever x € Cr-(A) if and only if 
B = [Y.'^=jY.%k^rnnpq)^^ S {Cr : C^)", we have Lemma [32] that 


(4.14) 

(4.15) 

(4.16) 

(4.17) 

(4.18) 


ZZ' 

k,l p=k q=l 


'^mnpq 


< OO, 


■d - lim amnpq = m for all /c, ^ € N, 

m,n ^ 


p=k q=l 

OO OO 


3u^° € C 9 d — lim y^ y^ y^ CLmnpq = u^° for fixed Iq G N, 

m,n ^ ^ 


k p=k q=lo 

OO OO 


3vko GC9?9-limy^y^y^ amnpq = 'Wfco fo^' ^^^d ko G N, 


I p=ko q=l 


3r; G C 9 - lim V y^ y^ , 

m n * ^ ^ ^ 


k,l p=k q=l 


Now, from the conditions (I4.11l) - (|4.18p . we have that A = {amnkl) € {Cr{A) : Cy) if and only if the 
conditions (I4.ip - (l4.7p hold. This completes the proof. 

□ 


Theorem 4.2. Suppose that the elements of the four dimensional infinite matriees E = (emnkl) and 
F = (fmnkl) are connected with the relation 

m n 

(4.19) fmnkl = Z Z 

i=m—l j=n—l 

for all k,l,m,n G N and p, be any given space of double sequenees. Then, E {fi : C^{A)) if and only 
if F e {fa: C^). 

Proof. Let x = {xti) G fi and consider the following equality with (14.1911 

must s t 

(4.20) Z Z Z Z = Z Z 

i=m—lj=n—lk=s—ll=t—l k=s—ll=t—l 

for all m, n,s,t G N. By letting s, t ^ oo in (14.201) one can derive that 

m n 

(4.21) y]] (-l)™+’^-*-^'(L;x)ij = (Fx)m„ for all m,nGN. 

i=ra—l j=n—l 

Therefore, it is seen by (14.211) that Ex G C.ff{A) if and only if Tx G whenever x ^ fi. This step 
completes the proof. □ 

Of course. Theorem 14.21 has several consequences depending on the choice of the sequence space 
fi. Prior to giving some results as an application of this idea, we need the following lemmas: 

Lemma 4.3. [IlllISKTT] A = {amnkl) € {Cr ■ Cr) if and only if 


(4.22) 


sup y^ \amnkl\ < OO, 


m,n€N ^ ^ 


(4.23) 

3 {Oki) G n 9 r - lim Omnkl = 

akl far eaeh k,l ^ 

G N, 

m,n^oo 



(4.24) 

3 u G C 9 r - 

lim yy amnkl 

m.n^oo 

= V, 



k,l 


(4.25) 

3 Ufco G C 9 r - lim y^ amnkiq = u’-° 

m.n—^oo 

k 

and 


r- lim Y amnkol = 

m,n— >-(DO ' 

Vko for any ko, Iq 

G N. 


i 
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Lemma 4.4. [T3l|T51[T^ A = (amnki) G (Cbp ■ Cbp) if and only if 


(4.26) sup \amnkl\ < oo, 

m,neN ^ ^ 

(4.27) 3 (Oki) €0,3 bp- lim amnki = m for each k,l € N, 

m,n—>-oo 

(4.28) 3 V €C3 bp- lim amnki = v, 

k,l 

(4.29) bp - lim \amnkiQ - afc^ol = 0 

k 

bp - lim Y^ \amnkol - “fcoH = 0 for any fco, /q G N. 

m,n—>-oo ' 


Corollary 4.5. Suppose that the relation ^-19^ holds between the elements of the four dimensional 
infinite matrices E = {emnkl) and F = {fmnkl)- Then, the following statements hold: 


(i) E = {cmnjk) € {Cr ■ Cr(A)) if and only if the conditions (f.22)-(f.25) hold with fmnkl instead 
of Ornnkl- 

(a) E = {cmnjk) € [Cbp : Cfcp(A)) if and only if the conditions fi4-26\ )- fi4-29\ ) hold with fmnkl 
instead of Omnkl • 
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